This paper aims to investigate approximate controllability of stochastic nonlinear partial differential systems with infinite delay. In the systems under study, nonlinearity and control variable exist both in drift and diffusion terms, and controllability problems are considered in the framework with a novel Banach space, which not only leads to some difficulties in deriving the properties of interest but also bring some opportunities to study the system in a more general framework. With the help of a new fundamental lemma established in this paper and some useful inequality techniques, some improved results for approximate controllability of stochastic partial differential systems are obtained by using the Banach contraction theorem without introducing any additional restraints on the terms of the system. An example of stochastic heat equation is also provided to illustrate our results.
Introduction
Stochastic partial differential systems are usually used to describe physical and engineering phenomena such as heat process, population dynamics, chemical reactors, fluid dynamics, etc. and have been widely investigated (for instance, [-] and references therein). As an important concept in control theory, controllability of dynamical systems has been also investigated by many researchers. In [-], Mahmudov developed several concepts of controllability for linear stochastic differential systems and extended the classical theory for deterministic dynamical systems to stochastic cases. The authors in [, ] considered weak, complete, and exact controllability of semilinear stochastic systems and stochastic functional differential in Hilbert spaces, and the obtained results therein can be applied to the stochastic systems with kinds of delays. Moreover, with the help of semigroup theory, sufficient conditions for the controllability of stochastic integrodifferential systems were derived in [, ] .
It should be also noted that the controllability problems can be transformed into fixed point problems. Fixed point principles such as Banach contraction theorem, Nussbaum theorem and Schauder fixed point theorem are frequently used and considered as an important technique in solving the controllability problems. By employing an axiomatic definition of the phase space introduced in [, ], Balasubramaniam and Ntouyas [] inves-tigated controllability of neutral stochastic differential inclusions with infinite delay with the aid of Leray-Schauder nonlinear alternative. Sufficient conditions for controllability of neutral functional integrodifferential infinite delay systems in Banach spaces were studied in [] with the Nussbaum fixed point theorem. Bao and Jiang [] considered the approximate controllability of stochastic partial differential equations with infinite delay. Recently, in [, ] , by using the Schauder fixed point theorem and the fixed point theorem for condensing maps due to Martelli, the authors derived some sufficient conditions for controllability of functional differential systems with infinite delay in a deterministic case.
However, most of the results for the stochastic systems mentioned above focus on either finite delays or without delays. Since many systems arising from realistic models greatly depend on histories, it is highly relevant to discuss stochastic differential systems with infinite delays, and few works are available for the controllability properties on this case. Therefore, in this paper, we study the approximate controllability of a class of nonlinear stochastic partial differential systems with infinite delays. This kind of system can be found in many engineering practices, especially those relating to continuum physics, vibration control, and thermodynamics [-]. Nonlinearity and control input exist both in the drift and diffusion terms of the underlying equation, and the control problem of interest is considered in the framework with a novel Banach space. This may not only enable the system under study to be a more general case compared to [] , but also bring some difficulties in moment estimations and in employing the fixed point theorem. To this objective, an important lemma is established, which greatly facilitates the development of the main result of this paper. Together with the aid of some useful inequality formula adopted in the proof, improved approximate controllability results of the systems under study can be obtained without imposing any additional restraints on the system. An example is given to illustrate our results.
The rest of the paper is organized as follows. In Section , we introduce the basic notations and definitions. In Section ., we introduce Banach spaces B h and B α h and prove an important inequality. In Section ., we give the controllability results. In the last section, an example of stochastic heat equation is given to illustrate our results.
Preliminaries
In this section, we will briefly give some basic assumptions and definitions.
Let K and H be two separable Hilbert spaces. We denote by | · | and | · | K the norms in H and K , respectively, by ·, · the scalar product in H. L(K, H) denotes the space of all bounded linear operators from K into H. · is also used to denote the norm in an ordinary Banach space. Let ( , , t , P) be a complete probability space with a filtration { t } satisfying the usual condition (i.e., the filtration contains all P-null sets and is right continuous). Let w n (t) (n = , , , . . .) be a sequence of real-valued one-dimensional standard Brownian motions mutually independent on ( , , t , P). Set
where e n (n = , , , . . .) is a complete orthonormal basis in K . Let Q ∈ L(K, K) be an operator defined by Qe n = σ n e n with
we denote by G  its Hilbert-Schmidt norm, i.e.,
We first give an abstract phase space B h . Assume that h :
B h is a Banach space endowed with the norm
The above conclusion will be proved in the next section. In the present paper, we are interested in the controllability problem of the following system:
where -A is a closed, densely defined linear operator generating an analytic semigroup S(t), t ≥  on H. Let  < α < , and define the Banach space D(A α ) with the 
h ), and we always assume p > . Moreover, denote histories
Definition . A stochastic process x is said to be a mild solution of () if the following conditions are satisfied.
the process x satisfies the following equation:
Remark . The dynamic system is controlled by u(t). Sometimes, control term u(t) affects the system not only in a linear manner, but also in a nonlinear way [, ] . Especially for stochastic differential systems, u(t) exists in both the diffusion and drift terms. These cases are all taken into consideration in the present study.
where
where c p = (
Lemma . [] Let -A be the infinitesimal generator of an analytic semigroup S(t). If  ∈ ρ(A), then () There exist a constant M ≥  and a real number a >  such that
() There exists a constant M α such that the fractional power operator A α satisfies that
For system (), we have the following hypotheses:
is the controllability Grammian.
Main results

Banach spaces B h and B α h
In this section we prove that B h and B α h are two Banach spaces and establish an important lemma, which will be used in the next section.
It is obvious that · B h is a norm. Following a similar discussion in [] and [], the following lemma can be obtained.
Lemma . For any ε >  and k
, where a is a positive constant and sup -a≤t≤ |x(t)| < ∞}, then X a is a Banach space endowed with the norm x = sup -a≤t≤ |x(t)|.
Lemma . B h is a Banach space.
We take a seminorm · T defined by
In the following, an important lemma is established, which will play a crucial role in the development of the main results in the next section.
We complete the proof.
Controllability results
In the following, we give the controllability results.
We prove that the terminal value of the system can approximate to h * . Here, h * ∈ L p ( , , P; H) is arbitrary, and h
)}, and for any x ∈ B  T ,
It is obvious that B  T is a Banach space with the norm
then it can be easily concluded that
By Lemma ., we also remark that for any t ∈ J,
It can be seen that the operator λ has a fixed point on B T × C(J, L p ( , , P; U)) if and only if the operator λ has a fixed point on B
, and (A  ), (A  ) hold, then for any λ > , the operator λ maps B
Proof We just need to prove that Y λ (t) and u λ (t) are bounded on J and continuous in L p sense on J. By (A  ), (A  ), the Hölder inequality and the Burkholder-Davis-Gundy inequality, we have
For each one
For t ∈ J is arbitrary, we can easily obtain that sup ≤t≤T E u λ (t) p < ∞. On the other hand,
and
From the above equations, we can obtain that E|u
and t ≥ , we have
From Lemma ., it can be obtained that
Then it can be obtained that
we have
which yields that there exists a constant K  such that
. Clearly, the result in [] could not be well applied to the cases which are studied in this paper.
An example
Heat equation describes the flow of heat by conduction through a stationary homogeneous, isotropic material. As an application of our results, we consider a heat equation system described by the following stochastic partial differential equation:
Here v(t, x) denotes the temperature at time t. u(t) is the control term to enable the system temperature achieve the target value approximately for a given time
be endowed with the usual norm
. Note that there exists a complete orthonormal set {e n }, n ≥ , of eigenvectors of A with e n (x) =  π . The analytic semigroup S(t), t ≥ , is generated by A such that
S(t)ρ =
∞ n= e -n  t ρ, e n e n , ρ ∈ H.
We define A α (actually |A| α ) for the self-adjoint operator A by the classical spectral theorem, and it can be obtained that On the other hand, for any ζ  , ζ  and ζ ∈ H α , we have 
Conclusion
In this paper, improved approximate controllability results of a class of stochastic partial differential systems with infinite delays are obtained in a general case by using a fixed point theorem, stochastic analysis techniques and an important lemma established, which fills a gap of the research area of control theory for stochastic functional partial differential systems. Moreover, intuitively, under more hypothesis, the controllability results established in this study could be also extended to the case of neutral type, which are frequently used to characterize some Burgers equations, vibration equations, Navier-Stokes equations, etc.
[]. Thus, it is an important and interesting topic to further study controllability problems of the neutral stochastic partial differential systems, and the problems will be focused on in our future studies.
